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7. Conclusions, 

(1) Eecombination appears to take place according to the simple law 

(in 9 

n = -"'* ■ 

or more generally 

dn\ dn2 

(2) The coefficient of recombination varies with the pressure and through- 
out a considerable range of pressure is proportional to the pressure. 

In conclusion I desire to express my appreciation of the kindly interest 
which Prof* Sir J. J. Thomson has shown throughout this work. 
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The resolving power of a reflecting telescope is proportional to its 
aperture, the mirror being supposed accurately a paraboloid of revolution, so 
that a bundle of parallel rays pass through a geometrical focus after reflec- 
tion. Eegarded from this point of view alone it is of advantage, in the 
construction of a reflecting telescope, to make the mirror of as large a size as 
the mechanical difficulties incident to the construction of large mirrors will 
allow, difficulties, that is to say, such as that of obtaining the glass of the 
necessary homogeneity throughout, in order to avoid distortion owing "to 
changes of temperature, and the difficulties of grinding, shaping, and 
polishing. There is, however, another factor to be considered which affects 
the problem. The mirror, even if perfect in other respects, will, when 
partially supported, be distorted by its weight, to a greater or less extent 
according to the nature of the support. This distortion will cause a diminu- 
tion in the resolving power, the effect of which will evidently increase with 
the size oi the mirror, and so will tend to counteract the advantage accruing 
from the larger aperture. It is conceivable even that there will, for any 
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given method of support, be a critical aperture, an increase of the size of the 
mirror beyond which will actually produce a decrease instead of an increase 
in the resolving power. The object of the present paper is, firstly, to 
calculate the nature and amount of the distortion which is produced by the 
weight for various methods of support, and, secondly, to investigate to what 
extent this distortion will affect the resolving power of the instrument, and 
whether any limitation is thereby placed upon the size of the mirrors which 
are likely to be practically attainable. The types of support which are 
considered are necessarily comparatively simple and somewhat ideal : the 
difficulties of the mathematical analysis impose these limitations, but it will 
be seen that they are sufficient to enable us to give a definite answer to the 
problem as to whether the critical size of aperture is one which is likely to 
be reached in the construction of large mirrors, or as to whether this critical 
size is so large as to be of no practical significance. 

Since the equations of elastic equilibrium are linear it is sufficient to 
consider the flexure of the disc for the two cases in which it is horizontal 
and vertical. The case in which it is inclined at any angle can then be 
obtained by a combination of these. The notation used throughout will be 
that used by Prof. Love in his ' Mathematical Theory of Elasticity.'* 

We will discuss first the case in which the plane of the disc is horizontal, 
and will treat it as a circular plate of uniform thickness. This is nearly true 
for large mirrors and will be a sufficient approximation for the present 
discussion. We consider several different supports. 

(1) The disc is held in a horizontal position, being supported at its centre, 
its edge being free. 

We obtain the solution by a combination of various stress systems, which 
together are to give the correct body forces and are to be so adjusted as to 
satisfy the terminal conditions. 

The conditions in this case are that the normal displacement at the centre 
should vanish, and that the stress resultants, and stress couples, T, S, G,t 
should vanish at the edge. 

We use the following systems of stress — 

(a) A system in which all the stress components vanish except 

Zz^w {z + A), 

w being the weight of the plate per unit volume, and the z axis being 
vertically upwards, and the origin in the central plane. 2 h is the thickness of 
the plate. 

"^ Oanib. Univ. Press, 1906, 2nd Edition, 
t Vide Love, loc. ciL^ § 294. 
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The corresponding displacements may be taken to be given by 

Also all stress resultants are zero. 

The axes of x and y are in the plane of the plate ; %l, v, w are the components 
of displacement parallel to the three axes ; a, E, as usual, denote Poisson's 
Eatio and Young's Modulus of Elasticity for the material of the plate. 

(yS) A stress-system in which there is a pressure 2 wh on the face z = h of 
the plate. The solution for a plate bent by a uniform pressure over one face 
is given in Love, § 307 ; we must in the solution there given put 'p =^ 2wh 
and so obtain 



l-\-a tax 



n = ^^^~- . ^J(2-~^)^''^-3/.%'-2F-|(l-^)r.(.xH:^/)], 



Ti = wh^ :=: 1\ Si = 0, IsTi = lahx, ]^2 = why. 

Gi :- ^ {(3 + (7) ^2 + (1 -f • 3 (7) 2/2} + ^ t0Jv\ 

G, == ^' {(1 + 3 a) x^ + (3 + a) f) + ^^ wlA 

Hi = — vjJhxy. 

4 

These give, in the central plane 5; = 0, a radial displacement of amount 

1 + q- 
2E 



ivJiTy and a normal displacement 



W = — --^ (X^ + 7/^) ^^ + l/ — 



321)' ' ewy • / I 



a 



where D = f E^^/(l — a^) is the llexural rigidity of the plate. 
If the radius of the plate be h, we have also at the edge 

G = ^^ icM' -f ^j~ ioh\ 

T = ivh^ 8 = 0, ]Sr = ^J^&. 
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(7) We need other solutions which give no resultant body forces in order 
to adjust the boundary conditions. 
We may take 

1 — a 7 1 — (T 7 (T 7 

giving G = 0, N = 0, T = wh^ 

For this system the normal displacement of the central plane vanishes, 

but there is a radial displacement in the plane of amount "^ whr. 

(S) We finally take the solution corresponding to a system of generalised 
plane stress, given in Love, §§ 303 and 304. 

The components of displacement in the central plane vanish. If W is the 
normal displacement of the central plane it is shown that W satisfies 

vV'w = 0, 

where v^ is Laplace's Operator in two dimensions, and that the stress 
resultants are derived, when W is known, from the formulae 

T = S = 0, :n" = -D -f (v'W). 

a?' 

r dr\ 10(1 — or) 

We have W given by an expression of the form 

W = ^{|\log.-i)-J}+3|f, 

since W vanishes at the centre. Therefore 
G = -D (Alogr + B} +^1(1=^) {^(log.-.) + |:+l . f±f A^^} . 

Combining these four solutions, the conditions that G, N vanish at the edge 
give 

A = wh¥ID, B = w]ih^^^{l^a)\ogh +1 (1 + 3(7) + ^^'|/d(1,+ c7). 
The total value of W at any point is 

i.e. there is a downward displacement at any point of amount 

yy _ 3w(l-q-) , ... .0 \^n\ a\m 3i(>(l-(7^)&V . r 2A + <t ^^ 
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Putting 2tvhh^ = W, the weight of the plate, the downward deflection at 
the edge is given by 

The second term in this expression is small compared with the first, the 
relative magnitudes being of the order h^/h^, which is comparatively small, 
since the usual order of magnitude of the thickness is 1/10 of the aperture. 

The correctness of the first term of this expression can be proved by the 
use of the approximate theory which holds for the flexure of plates. This 
approximate theory is very useful in obtaining solutions for more com- 
plicated cases of support, when the more exact theory would either be very 
tedious or else impracticable. 

It is shown by Love* that for a plate slightly bent by transverse forces 
only the stress couples at the edge are given by 



W p OP , 






where 3/8i^ denotes differentiation along the outward normal at the edge, 
and 3/3s along the edge, p is the radius of curvature. 

If Z is the acting force per unit area, W is determined by 

Dv^W = Z. 

We therefore have for the case of a circular plate under the action of its 
own weight, 



1 d 

T ' cIt 



' d n d I dW 

dr \r dr\ dr 



W 



using the fact, where necessary, in the integration that W vanishes at the 
centre of the plate : so that when r = 5 we must have, since G, IST vanish at 
the boundary, 

A=:— ^ and B= K__ /^(l + ^r) log & + i±l^" 

^ 27rD 27rD(l + <7)l ^ ^ ^ ^ ^ 4 

These values of A, B agree in magnitude with those previously obtained, 
provided that the term in B which involves h^ be neglected. 

We therefore obtain the deflection at the edge given by the approximate 

expression 

w- ^^^ 7 + 3(7 
64:7rD 1 + cr 
* Loc, eiL, § 313. 
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(2) We now take the ease in which the plate is held horizontally and 
clamped at the rim. 

Then we must have both W and dW/dr vanishing at points on the rim ; 
and the radial displacement in the plane of the disc must also vanish on 
the rim. 

If we combine the system of solutions (oc)-(B) above, the resultant radial 
displacement is 

and so vanishes at all points. 

We may take for the solution of vV^W = in (8) in this case 



W=:-r^'(logr-|-)-T' 
2 12 ^ ^ 2/ ^^ 



B? 



.2 



4 ^ 



Since W is not infinite at the centre, we must have C = 0, and in order 
that G may not become infinite at the centre, we must have A = 0. 
Thus the conditions W = 0, dW/dr = at 7^ = & require that 

ir"^4Dv r^r 325' 

and the depression at any point is given by 

the central depression feeing W&^/647rD. 

In this case the exact theory agrees with the approximate theory.* The 
reason is that no terms depending upon P are involved. 

(3) If the plate is supported at the edge, we must have T, S, G-, W vanishing 
there. The first two evidently do so. 

We can take the same solution for W as in (2), and the remaining con- 
ditions give 

4(l-fcr)D 5(l + o-)D 

giving for the value of W at any point, a downward displacement, 

W = ^ W^rH /^±5&2_^2 
32D ^ ^ Ll + a- 



"^ See solution, in Love, p. 467 (ii). 
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The first term agrees with that obtained by means of the approximate 
theory. 

Combining these three results we have, for the relative depressions of 
centre and rim, 

(1) When supported at the centre, 

(l~o-)(7 + 3cr)-~-— — (24 + 0-). 



1287rEA3' '' \ 407rEA 

(2) When clamped at the rim, 

3W&2 



1287rEA^ 



(1-a^). 



(3) When supported at the rim. 



3W&2 (l_^^^(5^^^^_^^W^^g^_^^^^_^24^2y 



Neglecting the small second term, the ratios of these expressions depend 
only upon the value of or. If we put gt — \, which is approximately the 
case for glass, we have the relative deflections in these three cases given 

by the ratios 

93 : 15 : 63. 

The deflection is thus much smaller in the case of the clamped rim. 

(4) It is to be expected that the more complete the support at the back 
of the mirror the less will be the effect due to the flexure. We will accordingly 
consider the case in which the plate is not only supported at the centre, so 
that there W = 0, but is, in addition, supported at the edge. 

A sufficiently close value of the flexure is obtained by using the approxi- 
mate theory, and since the work is much shortened by so doing, that is the 
course here adopted. We have 



7r&2i) • 



Thus W = -^^ + 4=r2(logr- l)+^ + 01og r+D. 

Since W = at the centre, we must put C = D = ; and since W = at 
the edge t = &, we obtain 

W 



167rD 



+ A(log&-l) + B = 0. 



Also G = -Df^ + - . --^^^ must vanish at the edge. 

\ dr^ T dr / 

The second boundary condition is accordingly 

|^W + A|(<7 + l)log& + ^^j-fB(l+(T)=:0. 
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From these two equations we obtain 

o + er W 






B 



13 + 3(T-.2(5 + cr)log& W 



3 + er ' IOttD ' 

and the valne of W at any point of the plate is given by 

W = ^ (l-o-^)W , , ^,y 3W(l.^cr^)(5 + (r) ,^ r 
1287rE^%^ ^ ^ 647rE/^'^(3 + (r) ^&' 

which vanishes — as it should — when r = 0, 6. 

(5) We consider finally, as an example of a still more complete support, 
the case in which the disc of radius h is supported at the centre and the edge, 
and also round the circumference of a concentric circle of radius c. 

We must now assume different solutions which hold according as r'^c. 

If r < c we may assume 
Wi= Jl!^+Ar2(logr~-l) + Br^ 

If r > c we take 
W2=gJli5g + AV(logi'-l) + BV2+C'logr+D', 

We have here six constants occurring. These are uniquely determined 
from the six boundary conditions, which are that 

(a) Wi, W2, should vanish when r = c, 

\p) -T- = ~r- ™en r ~ e, {j) W^ = when r ±= b. 

(g) Gi = G2 „ r = a, (e) Gg = „ r = K 

The condition that Wi = when r = has been satisfied already by our 
choice of Wi. 

From these equations we deduce that 

A = A'-^', B = B' + Jlogc, 

13' = — C- (logc — 1), 
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and also that 



A' 



C 



{(2<r + 10)62-(o- + 3)c2}(62-c2)_{4:(o- + 3)&2_(2 + 2o-)c2}c21og- 





hh^ -J (2 ff- + 10) snog - - (3 + tr) (62- c^) 

^ J 



W I 



2(o-+3)log- + 2(l + (7)log2- }.c2-(3 + o-)(62_c2) 





These equations suffice to determine the deflection at any point of the disc 
in this case. 



We have still to consider the solutions of the stress equations which are 
appropriate to the case in which the disc is held vertically. The body forces 
are now in the plane of the disc, and there are no normal components. We 
take the x and y axes in the plane, the origin being at the centre, and the 
positive direction of the x axis being vertically downwards. We will 
consider several simple solutions, by a combination of which the solutions 
appropriate to various boundary conditions may be obtained. 

We take the following simple solutions of the state of plane stress : — 

(u) If we assume 



/\.T —— 



VM 



2 ' 



V 

X tt — 



VM 



y 



2 ' 



-rr" UJ If 



2 



we have a system of stresses which give a body force parallel to the x axis 
of amount -{-w, the weight per unit area. The remaining solutions will, 
therefore, be such as to give no resultant body forces. 

From these values we deduce the following particular solutions for the 
displacements, 



u = 



w 



(l + (r)(x^-{-y% 



V 



2E 



xy, 



vj = 0, 



and the stress resultants are 

Ti = —whx, T2 = lohx, Si =—82 = -^vjliy, 

which give T = —tvhr gob 6, S = whr sin 6, 

and G, H, etc., all zero. 

O) A particular solution which gives no body forces is one in which the 
stress resultants and the components of displacement are given by 



u = ^{az^-crx^-y^), v = ^xy, 



(TW 



and 



Ti = 0, Ts = whm, Sj 



0, 
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and the rest zero. Thus 

T = whx sin^ 6 = whr sin^ 6 cos 6, 
S = ^wJbx sin 26 =z whr sin cos^ Q. 

(7) There are also a series of particular solutions for forces in the plane of 
the disc which are given by 

Ti = -T2 = 2A^, Si = ^2a|^, 
l4-<r 0y l + cr 3y 

where % is any plane harmonic function. 
These values give 

T = "Ih /cos 20^-sin 2^|^\ , 
L uy^ dxdyj 

S= -2/iisin2(9^ + cos2(9;^T. 
L 02/^ oxoy J 

If we tak^ ^ = wQx^'—lxy% a plane harmonic of the third degree, we 

obtain 

T = 2/?.i^{--cos20.a; + sin2^.3^} = — 2i(;Ar cos3^, 

S = 2to {sin 2^.0?+ cos 20. 3/} = 2^ohrMn.^^, 

and then the displacements are 

u =-- ■- ~-~w{x^'—y^) = — -JL-.ior^ cos 20, 

l+<r l + O^o'rk/i 

'y = — — — t/ja?«/ = —-1-. td^r^ sm 2 6, 

E "^ 2E 

(S) If the plate is held at the centre there must be a force applied there 
which is equal in magnitude to the weight of the disc. The simplest case 
of a singularity arising from the application of a force at a point inside the 
body is given iu Love, 1 148. 

The components of displacement are 

(3-a-)(l + <r) (1+^)^ I _ il + af ay 

2E ^^0^'+ 2E • r=^' 2E ' ^S-^ ' 

and the stress components are given by 

These are easily shown to give 

2 '/' 2 T 
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(1) We combine these solutions by adding to the first, the second multiplied 
by a constant I, m times the third, and n times the fourth. Then the stress 
components are found to vanish all round the edge provided that ^ = — 2 (1 + o"), 
m = (1 + o-)/4, n = why 2A. 

The coefficient in the stress resultants in the solution (8) is then 
w¥/2A . 2hA. = whh^. The resultant of the tractions on the surface of a 
small cavity taken round the point of application of the applied force must 
be equal and opposite to that force, and therefore independent of the shape 
of the cavity in the limit when its dimensions are taken yerj small. 

The resultant is easily found to be —7rwa^,2h parallel to the positive 
direction of the x axis, and is therefore equal in magnitude and opposite in 
direction to the weight of the body, and so is correct. 

The solution thus obtained is therefore the correct solution for the case in 
which the disc is supported at its centre with its edge free. The displace- 
ment components are given by 

+ -- (3 — ff) (1 -f <t) log 7" + const. 

4: hi 

V =: -—-wxt/ — -' — ■,--- w~xy. 

4E '■ 4E r^ '- 

The constant occurring in the expression for ^o has to be determined from 
the condition that u should vanish when r vanishes ; but on account of the 
logarithmic term u becomes infinite at the centre. The reason for this is 
that the force cannot be applied at an exact mathematical point : it must be 
distributed over a small area, and the value of the constant will depend 
upon the mode of this distribution. The difference of the displacements in 
the direction of the force at any two points on the disc can, however, be 
uniquely determined by this formula. 

(2) If the disc is clamped at the edge and held vertically the displacements 
there must be zero. To obtain the appropriate solution we combine the 
cases (a), (y8), (7) above, determining the constants introduced by means of 
the boundary conditions ; we obtain 

u — _ 1^-^ (1+ 0-) {x^ +y^)+l-rF^ (^^^ — ^^^ — y^) — ^^ ,tf ^^' (^^ — y^) + const. 

4iii 4:jij ^.cj 






7 aw 



H 



2E 



1913.] Mirror-discs Arising from their Weight, 505 

We choose I, m so that the coefScients of aP, y^ in the expression for % are 
equal, and so that v vanishes, i.e. 

-J 2(1 + 0-) 1 — 0- 



O — (T 



'X 



o /' 



(3-a)* 

The constant in u is so chosen that %b is zero on the rim. 
We thus obtain 

r. (1 + 0-) OW 

{6 — (j)x^ 

and the corresponding stress components are easily shown to be 

Y" '^^*'''^ V A 

JS^y. — J X 2r — V, 

6 — 0' 

'\r _ O* tVJj r/ r\ 

JLy , /jx = U , 

"^ 2(3-cr) ' 

which give the correct body force, and so all the conditions are satisfied. 
The displacement at the centre is given by 

^^ ^ (1 - g^) %v¥ ^ W ( -0-^) 

2E(3-(r) ""47r(3-a-)E/r 

This displacement is entirely in the plane of the plate and is small 
compared with the displacement in the direction normal to the plate, when 
it is horizontal, for in the latter case there is a term involving h^ in the 
denominator. 

(3) For the case in which the disc is held vertically in a groove at the rim 
in such a manner that the normal displacements there are zero, but 
tangential displacements are possible, the boundary conditions are that the 
normal displacement and the tangential stress resultant S must vanish 
at the rim. 

Our previous solutions cannot be combined in any manner so as to satisfy 
these conditions. We can obtain another solution for the case in which 
there are no body forces in the following way : — 

We may express the stress components in terms of a function ^, which 

satisfies v*i|r = 0, in the form 






We try a solution 

^ = Ar^ cos + (Br^ + Cr^) cos 3 6, 
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and then we have 



rr = 2 At cos ^ - (6 Br + 4 Cr^) cos 3 ^ = (X^ cos^ + Yy sin^ + Xy sin 2 0), 
^? = 6 Ar cos + (6 Br + 20 Cr^) cos 3 = (X^ sin^ e + Y,j cos^ (9 - Xy sin 2 0), 
^ = 2Arsin0 + (6Br+12Cr3)sin30 = [i(Yy^X^) sin 20 + XyCos2(9], 
.-. 2Arcos0 + (6Br+12Cr3)cos30 = [i(Yy-X:,)cos 2(9-Xy sin20], 
whence we deduce that 

X:, = 2(A'^3'B)x^4Cx{x^ + 9if), 
Y\j = Q(A-i-B)x + 4:Cx{5x^'-^3t/), 

Y,=^2{A--3B)y + 12Cy(x' + y'\ 
whence 

~= ~{[2A-6B~-6(7(A + B)]a.'^4C(l-f5(x)^3_4C(9_3^)^^2}^ 
1 



cv 



9.y E 



{[6(A + B)-2o-(A-3B)Ja; + 4C(5 + o-)a;3-40(3-9o-)iC2/2}^ 



These three equations are satisfied by 

«=l[{(l~3o-)A-3(l + o-)B}a;2_{(5 + o-)A-3(l + o-)B}2/2_C(l + 5<T)a;* 

-2C(9-3ff)a;y + (74-3o-)C2/* + D], 

V = 'i[{(Q-2a)A + 6(l + a-)'B}xy + 4.G{5 + a)a^y-AG(l-S(7)xi/]. 
E 

The normal component of the displacement at any point is {ux-{-vy)lr 
^^[{(l-3cr)A-3(l + o-)B}^2+{(l-3(7)A+9(l + (7)B}^2 

-0(1 + 5(7) (032 + ^-2) (^2_3^2)_|_D-]^ 



S =2/^ 



'6B 



2A7/-f-R^ + 12C {3^(^H^^j-4r^} 



We combine this solution with the solution (a) above, for which the normal 
displacement at any point is 

4E r^-^ ^ 

Then, when r = &, by ]3ntting x^ ~ h^—y'^, and equating the coefficients of 
x^ x^ to zero, we obtain 



A = - 



w 



_ w^l-^-a) 



B= - 



4(5 + cr) 



'-i _. ^^ (1 + ^) T^ _ '^&^(3 — 5cr) 

8 



8&2(5 + C7y 
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so that the components of displacement at any point of the disc are given by 

- (1 + a) (1 + 5 o-) ^-^ - 6 (3 - a-) (1 + (t) xY + (7 + 3 0-) (1 + (j) jf} 



_ __ w 



^y^^ {i9 + 2a + a')h^-{Co + a)x^-(\-Sa)^f}^^y , 



E (5 + o-) 
The centi'al deflection is given by 



u=^(3-5a)=^^^(3-5.), v = 0. 



In the case in which the plate is inclined to the vertical there will be a 
superposition of the two effects. There is now a component of gravity in 
the plane of the plate and a component normal to it. This produces the 
normal sag which is, in general, the chief distortion. The component of the 
force in the plane of the plate produces small displacements in the plane, 
accompanied by very slight normal displacements, which are symmetrical 
about and vanish on the central plane. 

We can obtain some information as to the relative magnitudes of these 
effects from the results which have been already obtained. 

When the plate is supported horizontally at the centre it has been shown 
that the deflection at the edge is 

3"^^' (l-~cr)(7 + 3o-)^ "W" (24 + (t). 



VZSttEM^ '^ ' 407rEA 

The ratio of the two terms which occur in this expression is 

16 24 + q- ^ 

15 • (l-~(j)(7 + 3o-) • b^' 

If we put cr = A, and h = J^ 6, which gives ratio of aperture : thickness 
equal to 10, we obtain ratio of the two terms to be 1 : 22*5, so that the second 
term is tolerably small when compared with the first. 

When the plate is supported at the rim the deflection at the centre is 

^^^^ (l-~<x)(5-|-o-) + ^^^f ^ r87+79^ + 24o-^), 



USttEJi^ " / ^ ' / • 640 ttE^ 

and the ratio of the second term in this expression to the first under the same 
conditions is 1 : 54*5. 

VOL. LXXXVIII. — A. 2 N 
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III the case in which the plate was held vertically and clamped at the 
edge we have seen that the central displacement is 

W(l-^a-^) 
47r{3 — cr)E^' 

and the ratio of this to the small term (24 + 0-) W/407rE/i occurring in the 
normal displacement when supported at the centre is 

10(3-0-) (24 + 0-) 711^ 

and so is very small indeed. The displacement in the plane of the disc when 
this is held vertical is in this case only about 1/16,000 of the normal 
displacement at the edge when the disc is supported horizontally at the 
centre. 

If the disc is vertical and held at the centre the relative displacement for 
points on the same radius at distances ^i, T2 from the centre is 

^1-^2 = ^^^^wS{-^^ 0--^) (rx2-r22)cos2^ + (3 + o-)(ri2-~r/)sin2 6} 



IGttEM^ 



+ 8^(^-'^>(^ + '^>l°g 



If n = Z) = 50 cm. and ^2 = 1 cm., then %o— '^i has a maximum value 
when d = -f "T, and this maximum is approximately 

W (1 + or) .g . W .g . . I X ^ g^ _ W 29.3 

which is rather larger than the small term W(24 + or)/407rE/?. which occurs 
in W in the first horizontal case considered. 

When tlie disc was vertical and supported round the rim the central 
deflection was W(3 — 5o-)/167rEA.. This is about 5/4 the value when the 
edge is clamped. 

It follows that, unless the disc when horizontal is very well supported at 
the back, the displacement normal to the disc which is produced by its 
weight is very large compared with the displacement in the plane of the disc 
when it is held vertically. 

We have now to apply the results which have been obtained to discuss 
the extent to which resolving power is affected by the flexure. We suppose 
the undistorted mirror to be accurately paraboloidal with a focal length «, 
and take a system of rectangular axes such that the z axis is the axis of 
the mirror, and the vertex is at the origin. Then the equation of the 
paraboloid is 
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A bundle of rays all parallel to the axis will after reflection all pass 
through the point of intersection of the axis with the focal plane, i.e. through 
the point a; = 0, 3/ = 0, 2; = (X. 

We consider now another parallel bundle, each ray of which makes a 
small angle with the axis. The ray which passes through the point 
(a, /3, 7) of the surface has the equation 

X — a __ y — /8 z — 7 

Then the reflected ray may be represented by 

x—oc _ y—ff _ g— 7 



/ 



m 



n 



Since the direction cosines of the normal to the surface are proportional to 
a, yS, •—2a, and since the incident and reflected rays make equal angles with 
the normal, and are all in the same plane, we have the conditions 



and also 



t 


m 


TO 


a 


^ 


-2a 


e 





1 



= 0, 



together with P-\'m^-\-n^ = 1. 

Since 6 has been assumed so small that its square and higher powers may 
be neglected, and since also 

we obtain for the values of /, m, n the expressions, correct up to terms 
including 6, 






OL 



+ 



a' 



a + 7 L2a(a + 7) 



-1 \e. 



m = — — i— - + 



a/3 



a -f 7 2 a (a + 7) 



d 



a— 7 



a 



6 



a+7 a+7 

and, to the same order of approximation, the co-ordinates of the point in 
which the reflected ray cuts the focal plane are given by 

__ 6 a + 7 



X = ^L . ±t::>:(2a24-a2-2a7), 






^yS, 



2a ' a— 7^ ' "' " 2a ' a— 7 

or the distance from the axis of the point in which the reflected ray through 
(a, /8, 7) cuts the focal plane is 

^(|^){(a + 7)2-^2p. 

For a given value of 7 this is greatest when ^ = 0, ix, for the point in the 

2 N 2 
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plane through the axis which contains the direction of the bundle. For 
points in this plane the greatest value is at the edge, and is 6 (a-f7e)^/(a— 7e) 
where 7^ is the edge value. 

Since even for points on the rim 7e will be comparatively small we may 
take this distance to be approximately a9. 

Now two points of light, one of which is on the axis and the other at 
a small angular distance 6, will be resolved provided that 0^O-61\/h, 
where X is the wave-length of the light, and h is the semi-aperture of the 
telescope, for when this condition is satisfied the angular separation of the 
spots is of sufficient magnitude to prevent their first diffraction maxima 
overlapping. 

Hence if two stars are to appear distinct, the breadth of the central image 
for parallel rays must not exceed 0'61\a/h. 

Suppose now that the undistorted surface has for its equation 

Then u, v, to, the components of the displacement of the point ^, 77, ^, are 
functions of ^ and rj, and the co-ordinates of the displaced point are given by 

Since lo, v, w are all small we can in them put ^ = x, rj == tf, ^0 that they 
become functions of x and y. The equation of the deformed surface is 

therefore 

{x—toy-h(y—vy == 4:a(z—w). 

We consider first, for simplicity, the deformation which is produced when 
the disc is horizontal. In this case it = v = 0, the only displacement being 
normal to the disc and symmetrical, so that we can proceed in two 
dimensions. 

The section of the surface by the xz plane has for its equation 

x^ = 4:a(z--w). 

The equation of an incident ray parallel to the axis is a; = a, and since the 
direction cosines of the normal to the surface at the point a are proportional to 

a -f- 2 (X ( ^r- ) , —2 a, 

\OX/a 

it follows that, the reflected ray being 

I n 

I and n are given by the equations 



0....\ ; r- dwV 



O^'all L \ OX a/ 
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and the reflected ray is 

/ dw\ 

0, = «_ ^ ?^^ f_Ma^l _ 

If If? = 0, ia. if the mirror is undistorted, there is perfect focussing at ^ = a. 
We suppose then that the nearest approach to focussing when the mirror is 
bent is on the plane z = a -^ ^, where ^ is a small quantity which has to be 
determined. 

Then the corresponding value of x is given by 

— _ 4^(^4-2^-1^^) J" 4a^— a^4-4a(^— ^) \ 
4:a^—u^—4,aaWa\ 4:a J/ 

where Wa has been used to denote (dw/dx)a, and where squares of w have 
been neglected. 

On expansion, retaining only first power of w, there results 

4a2 — a'^ 

(1) In the case when the disc is clamped at the edge it has been shown that 

w = Jc(h^--x^y, where h = 'W/64:7rh^T), 

By differentiation of the above value of x it is found that the condition for 
a stationary intercept is 

where tOaa = (dPw/dxP)^, and then we get 

The condition for a stationary value becomes in the case at present under 
discussion, 

3a4-24aV + &2(&2 4-8a2)~f/A = 0. 

For a given value of f there are two values of a. In the case in which 
^=zkb%Sa^ + b^), these combine to give an inflexional tangent at a = 0. 
The value ot x a^t any point is 

Jca 



X 



a 



/(8a2+&^-f 3a2)(52--^2)_n ^ 



The part which is independent of f vanishes at the two edges, a = ±&, 
and the two parts add as shown in the diagram. 
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The position of the stationary points depends upon the value assigned to f, 
and the values at the ends may be either greater or less than the maxima. 
The most favourable case, giving the least breadth, will occur when the two 
are equal. 

Eetaining only the most important terms the maxima are given by 

and to the same order are equal to l&kaa^. 
The end values when a = 6 are equal to l^ja. 
Hence the condition that this is equal to the maximum is 



K 



l^kcf} 



3 24:ka^ J 



which is satisfied by f = 2ka%^, giving a breadth of image 2h^/a, equal 
to ikah^, and this gives the limiting condition that 

4:ka¥<iO-Ql\a/h. 

The following approximate mean values for glass are sufficient to determine 
the magnitude of the permissible limits for h, viz. : — 

p = 3, E = 6 X IQii C.G.S. units, X = 6 x 10"^ cm., 
and k = Zgp (1 ~-(t2)/64EF. 

Putting o- = i, the condition is that 






^■^h, then the limiting value of 6 is 



If the mirror is so constructed that h = 
20'4 cm., and so in this case the resolving power is lost for a very small 
breadth of aperture. Since the limiting condition is ¥/h = const, this result 
is also an example of the general law that the thicker the mirror the larger is 
the permissible breadth of the aperture. 
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In the case when the disc is horizontal and supported at the edge, the value 
of w was found to be 



w = ~=- (5^ — r^) i - — ^ Z?2 — . r2 \ --. ^ /js _ ^2\ /^i2 _ .^2\ (say), 

where h has the same value as above. 

Proceeding exactly as above it is easily found that the stationary values 
are given by 

and when a = 5, 

a? = ^{4(7-l)aW_M'. 
a ^ ^ a 

The maxima and minima are again = 16faa^, and so the condition that 
these are equal to the end values is 

16fca^ = 16 to / (^ + 3^ ^' -777^1^= 4^(7-l)a5=^-^, 

L 6 24te^J f6 

which is satisfied by ^ = 2{2^—l)ha^h^, giving a breadth equal to 4-kaV exactly 
as before, and so — since h has the same value — the limiting value of h m 
order that the resolving power may still increase with increase of aperture 
has the same value as before. 

(2) Coming now to the next case considered, in which the plate was 
supported both at the centre and at the edge, the value of W was shown 
to be 

W = irH 4-^2 (log r~-l) + ?!f, 

4 4 

where A, B were determmed, and here r = x. 
Then the intercept on the plane ^ == a + f is 

^ — «-.^j^ — — . 

4 a'^ — a'^ — 4 aatOg 



2GboL 



^/Urv^ — i\_L^j_A / A Z-^4 . ^^2 1^^. ^iBa^X , f 



4 /^a2+ ~ (log a — i) + ^ + — 2( 6 /^a* + ~ a^ log a + -^ 



2^ ° "' ■ 2 4c^n 2 ° • 2 / ' 2a\ 

approximately, neglecting all terms of higher order. 

Tlie maximum value of the intercept is determined by the condition 

127<;«H:|(loga + i) + | + X + _i. |30fc«*+A(3«21og«+«2) + ^'"j = 0, 
and for this value of a. 



JU —— (a/ 



d3£^ A Ba^' 

16^a^ + Afie4-12^'-^ + -— -2(21og a4-l)a^4" 



^2 4^2 o 2 ^^2 

If we adjust so that the maximum and the value at the edge are equal and 
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opposite, then the images from the two halves of the mirror overlap. This 
requires that 



2h^ 



4M2+A., ^_1^_^ 1 /g^j4^A^2^^^_^ 

2 ^ ^ " 4ta?\ 2 2 ^ 



where the value of ^ determined by the maximum condition has been used. 

Since the focal length is usually about five times the aperture, ^.6. a = 10&, 

3 ^2 3 

the ratio of the terms Qk¥/4:a^, 4hh^ is^ -., = -— -^, and so very little error will 

' 8 a^ 800 

be caused by working with the approximate first terms. 

Then for the determination of the value of u at the maximum we have the 
equation 

Isfow — = — ^ — ~8h^ = — — ~ IP = — 13&^, approx., 

k 'S-\'a 13 

so that Ua^-lU^u-\-2^a%-21W = lUHogulh) 

or, putting a = X6, 

16XS-f24X2-<13X--21 = 13 log X. 

By trial it is found that X = y^^ nearly satisfies, so that we write 

X = 0-9+1, 

where ^ is small. A second approximation gives | = 0*004, so that it is 
sufficiently accurate to take u = ^\h at the maximum. 

Since the first terms are now comparatively small, we include also the next 
order terms on substitution of this value of a, and by writing a = lOh, and 

B ___ 13 + 3g— 2(5 4- tr) log & . .g __ 55 -42 lo g 5 ..^ 
k" ' 3T^^ ^ ~ 13 " ' 

it is found that the breadth of the image is 2 {0'063) kaP, and therefore the 
limiting condition is that 

2 (0-0 o3)kab^<:iXa/h, 

or, using the same values for the constants as before, this condition gives 
P <; 125oh, and if h — j\h, 

h < 125*5 cm., or 5 < 49*4 inches, 

and so the limiting permissible value of the radius, in this case, the thickness 
being -^^g^th of the aperture, is about 4 feet. 
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If we use a thicker plate we can use a mirror of larger aperture, e.g, if 
h = |-6, then h = 82 inches^ or the permissible radius is nearly 7 feet. 

By comparison with the preceding cases, it is at once apparent how great 
is the advantage which is obtained simply by supporting the mirror at the 
centre in addition to the edge. 

(3) It now remains to discuss the last mode of support considered, when the 
disc was horizontal, viz., when it is supported at the centre, round the 
circumference, and round a concentric circle of radius c. Using the values 
of the displacement which were found for the two portions of the disc 
we obtain for the values of the intercept on the plane z = a+^ the values, 
according as a<^c or >c respectively, 

xi = --2aa |4/0a2+2A'(loga-^|) + 2B' + 5-2^1og- 



+ ~ Ukoc^ + A'a^ log a + B'oc' - C ^' log ~) + f-l , 



X2 



2aoL A;ca2 + 2A'(loga-i)-l-2B' + ^ 



2 



+A(^^^^' + AVloga-f-BV-0'Jog^)+ S-?r > 



which are continuous at a = c, as they should be. 

We can abbreviate the work and at the same time illustrate the advantage 
given by the additional support if we take a special value for o. The simplest 
value to take is c = 5/2, and then, by putting cr = ^, we have A', C 
given by 

A' = -.4-273 B^ C = -1-01 khS 

and also B' = -A' log &-3-196 kbl 

On investigation, it is found that the conditions cannot be satisfied by 
supposing the maximum deflection to fall in the inner portion, and by 
making it equal to the end deflection. We therefore make the maximum 
in the outer portion equal to the end deflection. 

The condition for the maximum is 



12/i^a2 + A'(21oga + l)4-2B'--^ + -^=0, 



.,»,«™^ II i ll 

o? 2 a' 



and the corresponding maximum is 

20'- 



2aa 



8^a2 4-2A'- , 
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and the equation to determine a is 



2aci(8Tcu^ + 2A'-'^]= 2ab 



47c62+2A'(log5-i) + §'-12/to2 





.A'(21oga + l) + ^ 



,_ 



On substitution of the numerical values, we get 



l^ + ?L^ +SX^ + 12X^-S-54:6X-"11-5S = 8-546 logA = 19-678 logioX. 

By trial it is found that X = 0*6 nearly satisfies, and by substituting 
X = 0*6 + f, and retaining first powers only of ^, a nearer approximation 
is X = 0*593. Including now the next order terms the total breadth of the 
image is found to be 4a^&^ (0*004), and the limiting condition is that 

0-16 X tI^o xh^< IXh, so that h^ < S128h, or & < 312*8 cm. < 123 inches, 

if A. = -J- h. 

The limiting value of the radius of the mirror is thus increased to about 
10 feet, as compared with the 4-foot radius obtained in the case in which the 
support at half the radial distance is absent. 

The cases which have now been discussed are sufficient to enable us to 
conclude that as far as the displacement normal to the plane of the disc, 
produced by the component of gravity in that direction, is concerned, the 
effect on the resolving power may be practically nullified if care is taken to 
support the mirror well at the back. Although the methods of support 
considered above are necessarily somewhat ideal, it is certain that with 
a mirror well supported at the back, as e.g. is the case in the method devised 
by Eitchey for the large reflecting telescope at Mount Wilson Observatory, it 
is possible to use mirrors of an aperture which is far beyond the limits which 
at present are practically attainable. 

This discussion has also shown how, for a given mode of support, larger 
apertures may be used provided that the thickness of the mirror is increased 
sufficiently. The thickness to be used must of course be determined by 
practical considerations, such as the possibility of obtaining a homogeneous 
mirror, or by the question of the weight which the supports are designed 
to bear. 

For the remainder of the discussion we shall suppose the mirror to be well 
enough supported at the back for the normal component of gravity to have 
no effect upon the resolving power, so that it only remains to discuss the 
effect of the displacements which occur in the plane of the disc. We will 
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therefore consider the case in which the disc is vertical, as then these dis- 
placements will have their maximum value. The nature of the back support 
does not now concern us, and whatever this may be the disc must also be 
held in some manner at the edge and it will be impossible to prevent the 
displacement in the plane of the disc from taking place. 
Putting i^ = 0, the equation of the mirror becomes 

x^-{'y^—2xu'—2yv = 4:az. 

The equation of the normal at (a, /3, 7) is 

p '^ q ~ 2a 

where —p = u—u—oLUa—^Va —q = ^—-v—^v^—olu^, 

and it is easily shown that corresponding to a ray incident at the point 
(a, yS, 7) of the surface parallel to the axis, the reflected ray is 

I m n ^ 

where /, m, n are given by 

7 4:ap 4:aq Aa^—p^—q^ 

4:a?-\-p^-\-(f^ 4:a^+p^ i-q^' 4:a^-\-p^ + q^^ 

and as far as the first order only in the displacements, by substituting for 
7,^, q in terms of a, /3, u, v, and putting ^ = «^ + ^, we have 

and, similarly, 

For simplicity of discussion, we will consider first the case in which /S = 0, 
i.e, we consider for the present only the rays which are incident at points on 
the mirror in the vertical plane through its axis. 

For the case of the mirror which is clamped at the edge 

where Ic = "^i^—') =i^—')9P 

47rEy^(3-a-)52 2E(3-<t)' 

and so y = 0, and x = k(b^-cc^)-'^^^2kci^- -i^^, 

ia"* — a-* 4a-'— or 

a 

Neglecting the term in a*/a^ and all terms of a higher order, we see that, 
for a given value of ^, a; is a maximum when a. = —2^/3ak. 



518 Mr. H. S. Jones. The Flexure of Telescope [Apr. 26, 

We suppose that ^ is positive : then the intercept x is positive and is 
equal to M)^-\-^ ^^/a^h^. 

The value of x steadily diminishes with increase of a, since f is supposed 
positive, and so the greatest negative intercept is from a = h and is 
— 2M^— 4&f/a, so that the total breadth of the band is 

and to this order is least when we put ^ = 0. 

A similar result is obtained if ^ is supposed negative, since then the 
greatest negative intercept is from a = — &. 

Thus the least value of the intercept on a plane perpendicular to the axis 

produced by the reflection of a beam incident parallel to the axis in the 

vertical plane through the axis is 3M^. The upper limit for h in order that 

the resolving power may not decrease with increase of the size of the mirror 

is given by 

ikW^lXajh or 5^^ < fE\(3-(7)/(l-o-2)^p, 

and if the focal length is five times the aperture, <x = 10 &, we obtain the 
limiting value of h to be 

h z=z 379 cm. == 149 inches, 

and so the limiting radius of the mirror is about 12-6 feet, and quite a large 
size is permissible. 

Whereas, in the cases previously considered in which the mirror was 
horizontal, the determining factor was the ratio of the aperture of the mirror 
to its thickness, the limiting value of the radius being found from an 
equation of the type Wjh = constant ; in the present case the determining 
factor is the ratio of the aperture to the focal length, the limiting value of h 
being found from an equation of the type h^ja = constant. 

If it was desired to construct a mirror of given focal length and of as 
large an aperture as possible, the limit for the aperture could be determined 
from the above. Thus, if the required focal length were 50 feet, the largest 
radius which may be used is 280 cm., or about 9 feet. 

In the more general case when ^ is not zero we have for a first 
approximation 

Or, since u = hiW—d^—^^), <y = 0, 

we have x = Jv(h^--'2oc^—/3'^), y = —2hci^, 

Corresponding to the centre a = ^ = 0, we have oc = kh% ^ = 0, and the 
radius vector from this point to any other point of the patch is given by 

h {{a^ + ^2)2 ^ 3 ^2 (^2 _|. ^2) p^ 
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and this attains its greatest value when (a^ + ^^) and o(? have their greatest 
vakies, i.e. at the two points on the circumference in the vertical plane 
through the axis, and then p = ZMP. This gives the maximum extent of the 
swing for light incident at any point, and is the case discussed ahove. 

In the other case considered, in which the normal component of the 
displacement at any point of the edge vanishes, the normal component of the 
displacement at any point of the disc, using the values of u, v, previously 
obtained, is given by 

The point in which the reflected ray from a, yS cuts the focal plane is 
given by 

giving a normal component of amount 

p p \p ca p a/3J \p da p dpi 

and, since p^ = a^ + yS^, we obtain 

dp p dec p * dj3^ 

so that — !-^^ = ■ — --+0,^ — \-^^^ = ?r-(^'^* + yQ'^'X 

p p op op op 

and so is given by 

W a r3(72+10(7-l , 30-2 + 2(74-7 o2 

(l + cr)(l + 5cr) 2/ 2 o 02\"1 , 9 rw(l + cr) fat 



) 



w 



— . ~ |3(5^2_|.14^_7)^2_3 (5^2_2^+9)^2 



E (5 + cr) p 

^(1+0:^^+5^^^^^ 

Or, putting a = J^ , (3 = — — -^-— -, where X is constant for a 
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definite radial direction, the normal component is 

.2 r 1 x^ 



E(FT^ • 7(n:^{^^''^^+'''^--'^-TI^-^^''^^-''^^'^ 



The variation of this expression with p for a definite value of X, i.e. along a 
definite radius, is 

^^ -^ -»-39^{1762 + 47\2J^ + 25 (1-3X2) p2|^ 



and the radial component of the intersection with the focal plane is found to 
be, on substitution for cr, 

There are two cases to be considered, according as X^^^-. 

(a) If X^ <; i the radial intercept continually decreases with increase of /?, 
so that the extreme values arise from the centre and circumference, and are 

_____ _ ^ _ — n\o/o " T"9ir ^ ^ti tne centre 

E(5 + o-) {l + \yi^^^^ 

and the maximum extent of the displacement is the difference of these, and is 

1 /s + sx^u,^ 



E(6 + <r) (l-fX2)3/2\ 2 

very nearly. 

This expression decreases with increase of X and so has its maximum value 

when X = 0, i.e. in the plane ^ = 0, and is then 3w¥/E (5 + cr). 

(yS) If X^ > ^, then the radial intercept has a stationary value foi the value 

of p given by 

17 + 47x2 ^, 
^ 25 (3X2 --1) > 

and this value of p will be less than b provided that X^ > | . 

Thus if X2 < f, the radial intercept continuously decreases from p = to 
p =:h. If, however, X^ > -| it reaches a minimum for a certain value of p 
which is less than b and is given by the above equation. After this it will 
commence to increase again, and the extreme values are at the centre and at 
this minimum. 

For this value of p the intercept is 



VJ 



1 952 ^ ( 174.47x2)2 49 



■i- 



E(5 + (r) ' (l + X2)«/2 • 128 1 25(3X2-1)^ 3 
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and the maximum breadth of the image on the focal plane in the definite 

direction, X, is 

w 1 9^ (17 + 47X^)^ 

E(5 + a") ' (1 + X2)3/'^ • 128 ' 25(3X2 --1)* 

Considering now the variation of this expression with X^, as X^ increases 
from |- to 00 , we find that it continually decreases, and so has its greatest 

value when X^ = f, viz., 

225-^2 w¥ 

128v/5 •1(5 + 0"); 

This is less than the greatest value when X^ < f and so the limiting 
condition for h is that 



1(5 + 0")^ "^ h' a ^^'^ gp' 

and on writing a = 10 & this givQs a limiting value for h of 358 om., or 
141 inches, so that the disc may have with this mode of support a radius of 
nearly 12 feet. 

This method of support corresponds closely to that used by Eitchey, who, 
in addition to the back support which prevented the normal displacements 
from being appreciable, placed the mirror in a circular metal band supported 
on the outside. In this way, there can be no normal displacements at the 
edge, but there is perfect freedom for tangential displacements to occur. 

It has been assumed in the discussion immediately preceding that the 
mirror is held vertically. The displacements in this case necessarily attain 
their greatest possible values, and so if the radius is less than the critical 
value for this case, it will be so for any angle of inclination. 

The results obtained in the present discussion may be briefly summarised 
as follows : — 

1. The components of the displacement of any point of the mirror-disc 
arising from its weight have been calculated for various modes of support, 
both in the case when the mirror is held horizontally, and also when it is 
held vertically. 

2. It is found that in all cases the displacements in the former case are 
very much larger than in the latter, and that if the mirror were not well 
supported at the back, the resolving power would begin to decrease as the 
aperture was increased for comparatively small breadths of aperture. The 
more complete is the back support, the larger of course is the critical size of 
mirror, and with simple forms of support this critical size is far larger than 
is likely to be practically reached. 

3. It is also shown that for any given mode of support the critical size of 
the mirror may be increased by increasing at the same time its thickness. 
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4. When the mirror is held vertically the displacements are small, but the 
support cannot be so arranged as to get rid of them, as was the case with the 
normal component. It is shown, however, that the critical size of mirror is 
comparatively large, very much larger in fact than any mirrors at present in 
use, the limiting radius being somewhere in the neighbourhood of 12 feet in 
the two cases which are discussed in detail, when the telescope is so con- 
structed that its focal length is live times its aperture and the aperture ten 
times the thickness of the mirror. For a given mode of support a larger 
aperture may be used by increasing the focal length. 



On the Electrical Emissivity and Disintegration of Hot Metals, 

By J. A. Harker, D.Sc, F.RS., and G. W. C. Kaye, B.A, D.Sc, National 

Physical Laboratory. 

(Keceived May 6, — Eead June 19, 1913.) 

Introductory, 

In February, 1912, the authors communicated to the Royal Society an 
account of some experiments on the emission of electricity from carbon at 
high temperatures.* In this investigation all the experiments were con- 
ducted at atmospheric pressure, and some evidence was brought forward that 
under these conditions the carriers of electricity appeared to consist almost 
wholly of '^ sputtered " matter, and that corpuscles — the carriers of negative 
electricity in high vacua — played in these experiments bat a minor or at any 
rate an indirect part. 

It was shown that, even in the absence of any applied potential, it was 
possible for charged particles to escape in sufficient number from a hot 
carbon surface to give rise, at high temperatures, to currents of ammeter 
rather than electrometer magnitude. The particles appeared to be emitted 
with considerable velocity and the emissivity of the radiating surface sending 
out the particles seemed to depend primarily on the temperature alone. It 
was, however, influenced to some degree also by the nature of the surrounding 
gas. Dependmg on this emissive property of carbon, a kind of ionic dynamo 
was constructed, capable of lighting intermittently a small group of glow- 
lamps (2 volts, 3 amperes). 

■^ Harker and Kaye, 'Roy. Soc. Proc.,' 1912, A, vol. 86, p. 379. 



